We present the results of simulations of kinetic growth trails (KGT) (bond-avoiding walks) in four dimensions. We use a mapping from a kinetic growth model to a static model of selfinteracting trails (ISAT) at a particular temperature to argue that this temperature is precisely the collapse temperature of four-dimensional interacting trails. To do this we show that the kinetic growth trails behave neither like static non-interacting trails, which should behave as excludedvolume-dominated four-dimensional polymers (that is self-avoiding walks), or collapsed fourdimensional polymers, but rather show an intermediate behaviour. This is the ÿrst indication of collapse in any four-dimensional lattice polymer model and so may be helpful in deciding which of the competing models of polymers is a good model in lower dimensions. We have calculated various exponents of the KGT model and identiÿed them with certain critical exponents of the static ISAT problem.
Introduction
There has been continuing interest in statistical mechanical models of the conformations of linear polymers in dilute solutions in two and three dimensions [1] . One aim of these studies is to extract the universal (critical) scaling properties of these models, since they should hold exactly for a range of physical systems. It is expected that the models display three distinct behaviours. At high temperatures, they should mimic polymers in a 'good' solvent, where the excluded volume e ect is dominant. Opposing this, at low temperatures the model should describe a collapsed, internally dense, state caused by the attractive interactions of di erent sections of a polymer mediated by a solvent. At one temperature, known as the Â-point, the excluded volume and attractive forces 'balance' to give a third, intermediate behaviour. This third behaviour is often approximated by a simple random walk model. However, it was realised some time ago that in low dimensions the real situation is more complex. In two dimensions, the Â-state does not share the scaling features of a random walk [2, 3] . In three dimensions the two equivalent descriptions of the Â-state are given by the continuum Edwards model with two and three body forces [4, 5] and the n → 0 limit of the magnetic (tricritical) ( 2 ) 2 - ( 2 ) 3 O(n) ÿeld theory [ 6 -8] . The analysis of these theories is subtle and predicts that d = 3 is the upper critical dimension of the Â-state, and therefore the critical behaviour of this state is given by mean-ÿeld (Flory) theory predictions modiÿed by logarithmic factors. On the other hand, the canonical model of polymer collapse in lattice statistical mechanics has been self-avoiding walks (SAW) on a regular lattice interacting via nearest-neighbour attraction, or ISAW. This model manifestly includes the 'excluded volume' condition of real polymers as well as the attraction necessary for collapse. There has not been a direct demonstration that the behaviour of this model around its collapse point is given by the Edwards model, although it is widely accepted as such [9] .
Little consideration has been given to four-dimensional polymer collapse. However, several points make it worthwhile for study, especially as it points to the correct description of the lower-dimensional systems. As far as we are aware there is no clear understanding of the Edwards model with respect to collapse in four dimensions. This is the upper critical dimension for the excluded volume problem: the two parameter Edwards model predicts that excluded volume dominated polymers should scale as a random walk modiÿed by multiplicative logarithmic factors. The two parameter Edwards model also implies that a crossover to a collapse state, if it exists, has crossover exponent 0. This presumably implies via scaling arguments [10] a speciÿc heat exponent of = −∞ which is di cult to interpret. In fact there is a long standing conjecture [11] that the collapse transition disappears in four dimensions, at least at ÿnite temperature. On the other hand, given that the collapse transition has an upper critical dimension of three, one might expect from experience with other critical phenomena, such as the ferromagnetic Ising model, that the collapse transition exists but does so with some sort of mean ÿeld behaviour. In this case we assume the mean ÿeld behaviour to imply a pure random walk state for the Â-state. Whether the associated thermodynamic transition would give a simple jump in the speciÿc heat or some other simple singularity varying with dimension is unclear. To look at these questions we have embarked on several studies. The ÿrst of these we report here.
Another lattice model of polymer conÿgurations studied extensively is that of selfavoiding trails (SAT) or trails for short [ 12 -15] . These are paths on a lattice which have no two steps on the same bond of that lattice but may occupy the same site. This restriction is sometimes referred to as bond-avoiding, in contrast to self-avoiding walks (SAW) which are site avoiding (that is, no two vertices of the walk may occupy the same site on the lattice). Clearly walks are, by default, also bond-avoiding. Trails possess an excluded volume e ect and it is believed that trails and SAW are in the same universality class [16, 17] which describes good solvent polymers. (For more recent discussion of the subtle di erences between walks and trails regarding corrections to scaling see [18] .) It has been shown [13] that there should exist a collapse transition when contact attraction is added to the trail model. Moreover, Shapir and Oono [13] have argued that this point should be tricritical in nature, as it is at the ISAW collapse point. However, they predict that ISAW and ISAT are in di erent universality classes. Importantly, while the upper critical dimension for ISAW is expected to be d u = 3, the Shapir-Oono ÿeld theory gives d u = 4 for ISAT. Therefore, this implies generically that logarithmic corrections occur at the Â-point in four dimensions, which presumably should occur at a ÿnite temperature.
On the other hand, three other scenarios have since been suggested for ISAT, deduced from the results of di erent Monte Carlo simulation techniques. Firstly, some Monte Carlo work [19] has suggested that ISAT and ISAW are in fact in the same universality class, so collapse in ISAT would then have an upper critical dimension of three. The behaviour in four dimensions is unknown for ISAW so no inference can be made about ISAT. A second scenario is that the upper critical dimension for ISAT is three but that the universality class is di erent to that of ISAW. This scenario would give no prediction of the type of behaviour expected at the collapse point by ISAT. Support for this scenario comes from studies of kinetic growth trails (KGT) [20, 21] , which are dynamic versions of these lattice paths that can be mapped onto the static problem at one particular temperature. In each case, the simulations of kinetic growth trails demonstrate the behaviour intermediate between the excluded volume state (as in SAW) and the collapsed one (which has fractal dimension 1=d for d dimensions). This has been used to argue that the temperature of the mapping is also the collapse temperature. Later [22] it was suggested that the exponents derived from the kinetic trail simulations were not the correct exponents for the ISAT collapse transition even though the temperature of the mapping is the collapse value: this is a subtle argument based on renormalisation considerations of the Edwards model. It was also suggested [22] from numerical work that the transition for ISAT in three dimensions is, in fact, ÿrst order rather than second order. Presumably, the same arguments could be used to imply the same situation in four dimensions. This gives us a third possible scenario.
One caveat in all of the above on ISAT is that we are assuming there is only one transition in the ISAT model. Evidence strongly suggests that this is the case for ISAW [23] and no other transition has been suggested from previous numerical work on ISAT [14, 19] but early workers on polymer collapse sometimes suggested that two transitions may take place, and recent work [24] on ISAW suggest that a second nonthermodynamic transition may take place in two dimensions. We shall not comment further on this possibility as the simulations presented here do not allow this.
So we have at least four di erent theoretic scenarios for ISAT. Firstly, the ShapirOono ÿeld theory where ISAT have an upper critical dimension of four. Secondly, that ISAW and ISAT have the same scaling behaviour at any temperature and thirdly that the upper critical dimension of ISAT is three but its collapse critical behaviour is di erent from that in ISAW in dimensions two and three. Finally, it is suggested that transitions in ISAT models (described by the kinetic growth trail algorithm) are ÿrst-order ones [22] . Note that this last suggestion would invalidate the exponents inferred for the ISAT model from the kinetic growth simulations. Now given that in four dimensions little is known about ISAW, ISAT or KGT we ÿrst thought it appropriate to discover the behaviour of KGT in four dimensions and see what we can infer about ISAT. Hence we have simulated kinetic growth trails in four dimensions. This allows us to ÿnd a collapse temperature in the ISAT model and predict that the Â-state for ISAT in four dimensions is Gaussian. In further work we shall simulate ISAT and ISAW in four dimensions with standard Monte Carlo algorithms.
Models
We deÿne the ISAT model on the four-dimensional hypercubic lattice in the following way. The lattice has coordination number 8 and we consider conÿgurations ' N of trails, or bond-avoiding walks, of length N starting from a ÿxed origin. Let m k ; k = 1; : : : ; 4 be the number of sites of the lattice that has been visited k times by the trail. The partition function of a very general interacting trail model is
where ! k is the Boltzmann weight associated with k-visited sites. The canonical model is one where every segment of the trail at some contact site interacts with every other segment at that site, so that
with ! ≡ ! 2 . Now, two other reasonably natural models are deÿned by
and
It would be expected that each model possesses a collapse transition at some value of !, and that the transitions fall into the same universality class. Of course, if rather the coordination number of the lattice had been 4 then the only possibility is a single contact and all three models are isomorphic. The canonical model has been investigated in two and three dimensions using exact enumeration [14, 25, 15] and Monte Carlo techniques [26] [27] [28] 19] . In two dimensions, recent work [20] provides a body of evidence that reinforces the hypothesis that ISAT and ISAW are truly in di erent universality classes. This work was accomplished using a kinetic growth algorithm.
The growth model of kinetic trails was introduced by Lyklema [29] for reasons similar to those that led to the introduction of kinetic walks. It is deÿned on a fourdimensional hypercubic lattice as follows: choose a starting site on the lattice and dynamically construct a trail by adding steps at integer time intervals, choosing at each time step equally from the available nearest-neighbour sites that do not violate the bondavoiding condition. This produces trails of any length, with a particular distribution di erent to that of non-interacting (static) trails. A trail can visit a particular site up to four times. Except for the ÿrst step, if the kinetic trail is on a site that has not visited previously, there are seven choices (coordination number 8 lattice) of the next step and the probability of each is simply 1 7 . If the trail has previously visited the site j (which can be 1, 2 or 3) times, the choice of next step is restricted to 7 − 2j possibilities and the probability of that step taken is 1=(7 − 2j). If one associates the step probabilities with the site from which it emanates then the associated probability of a site that has been visited k times in total is Note that every static open trail conÿguration occurs as a kinetic trail. On the other hand, it is possible for kinetic trails to revisit the origin three times and so form a four-dimensional 'loop'. These loops are discarded from the kinetic algorithm after they form. We show later that in fact, as in three dimensions but unlike two dimensions, a ÿnite proportion of the kinetic growth trails stay open no matter how long one grows them. This implies that the connective constant of the partition function of the static problem at this set of weights is = 7.
Simulations and analysis techniques
We have generated kinetic growth trails of various lengths up to 2 16 steps. The occupied sites of the trail were stored by means of a hash table [30] , with the hash index being computed from the coordinates. This enables e cient testing of self-avoidance without having to store the whole lattice, so that the generation of a walk of length N requires time O(N ) only. The size of the hash table needs to exceed the maximal walk length only slightly, so that the memory requirement is also O(N ). When a walk reaches the desired maximal length or gets trapped, a new one gets generated, thereby ensuring the statistical independence of the walks sampled at ÿxed length.
We have calculated the proportion left open at various stages P N , the root-meansquare end-to-end distances R N , and the ratio A N of the fourth moment to the square of the end-to-end distances and information on the number of contacts for the calculation of the internal energy U N and the speciÿc heat C N with estimates of statistical errors. To be extra careful we did independent simulations for each N we collected data for. While this is not strictly necessary and time consuming it dismisses any possibility of correlated data in these type of variable length Monte Carlo simulations. We simulated a ÿxed number of lengths N exponentially spaced. The raw data are given in Tables 1 and 2 . We simulated the model on an unbounded lattice to investigate the bulk behaviour. The simulations took approximately 10 CPU days on an Dec Alphastation 250=4=266. We have simulated 1×10 7 independent samples of lengths 512, 1024, and 2048, 4×10 6 independent samples of lengths 8192 and 16384 and 1:5 × 10 6 independent samples of length N = 32768 and ÿnally 6 × 10 5 independent samples of length N = 65536.
Results and analysis
We now present the analysis of the simulations of the kinetic trails. These simulations were carried out on the simple hypercubic lattice (4d-hc).
Our most important and convincing pieces of evidence arise from the study of the distribution of the end-to-end distances of our trails. We considered the behaviour of the mean-squared end-to-end distance R . We ÿrst recall that in four dimensions in the swollen phase one has R 2 N ∼ R s N (log N ) 1=4 [31] , whereas in the collapsed phase one expects R Given that the factor (log N ) 1=4 is only a weak multiplier, that is di cult to rule out completely, we have also calculated the amplitude ratio
which we estimate approaches the value A ∞ = 1:500(2). The value for a random walk for this universal amplitude ratio is 3 2 . We conclude that our kinetic growth trails also approach 3 2 . Hence, given that = 1 2 and this amplitude ratio is given by 3 2 it is a fair indication that kinetic growth trails in four dimensions are Gaussian (Fig. 2) .
Next, we considered the probability P N of generation of trails of length N (or larger). In Fig. 3 we plotted this quantity versus 1=N . P N does not decay to zero, but to a ÿnite number P ∞ relatively close to one, showing that a kinetic trail grows indeÿnitely with a ÿnite probability 0:9932(1), i.e. only about one in 300 trails gets trapped. The partition function for open conÿgurations, with the weights given by Eq. (2.6), is related to and the reduced free energy is equal to log(7). We were unable to adequately analyse the trapping rate
which is equal to the probability of loop-formation. The scaling of the internal energy U N is depicted in Fig. 4 . The internal energy is a weighted combination of the mean number of 2-times, 3-times, and 4-times visited sites per step. We see a very slight curvature of the plot of U N versus 1=N . Thus, it is not possible to conÿdently extract a singular correction term of the form N − u , as it is not su ciently di erent from a 1=N correction. Of course even if one had estimated this correction exponent it is unclear whether this would allow one to infer the crossover or speciÿc heat exponents. This is not only because of the possibility that the transition is ÿrst order but that the appropriate scaling relations [10] may not hold above the upper critical dimension. In a similar manner, we have collected data for the speciÿc heat C N . As we see in Fig. 5 , the speciÿc heat converges, and there is a very slight curvature of the plot of C N versus 1=N , making any further analysis of singular behaviour di cult.
Our results certainly imply that the temperature given by the mapping from the kinetic model to the static one produces walks that are like random walks with respect to their geometric behaviour. The precision of the results for the internal energy and speciÿc heat do not allow further analysis.
However, the results imply that there is a collapse transition in four dimensions and that the upper critical dimension is d u = 3. This concurs with the previous kinetic growth studies in lower dimensions.
Conclusions
We have conducted simulations of kinetic trails in four dimensions. Our kinetic model can be mapped to a static self-interacting model of trails. Given the working hypothesis, now tested in several dimensions and lattices, that kinetic growth trails at least identify the collapse temperature correctly, and perhaps also provide a description of the collapse point of the corresponding static problem, we have shown that there exists a collapse temperature in four dimension. This refutes a long standing hypothesis [11] that the collapse transition disappears above four dimensions. We have shown that the critical ISAT collapsing state is Gaussian, given that the usual scaling assumptions can be made.
